In this paper, we investigate the value distribution of difference polynomial and obtain the following result, which improves a recent result of K. Liu and L.Z. Yang: Let f be a transcendental meromorphic function of finite order σ , c be a nonzero constant, and α(z) ≡ 0 be a small function of f , and let P(z) = a n z n + a n-1 z n-1 + · · · + a 1 z + a 0 be a polynomial with a multiple zero.
Introduction and main results
Throughout the paper, we assume that the reader is familiar with the standard symbols Recently, a number of papers concerning the complex difference products and the differ- 
The purpose of this paper is to investigate the value distribution of difference poly-
, where P(z) = a n z n + a n- z n- + · · · + a  z + a  with constant coefficients a n ( = ), a n- , . . . , a  , and α(z)
is a mall function of f (z). For the sake of simplicity, we denote by s(P) and m(P) the number of the simple zeros and the number of multiple zeros of a polynomial
respectively. We obtain the following result which improves Theorem A and Theorem B.
Theorem . Let f be a transcendental meromorphic function of finite order σ (f ) = σ , and c be a non-zero constant, and let P(z) = a n z n + a n- z n- + · · · + a  z + a  be a polynomial with constant coefficients a n ( = ), a n- , . . . , a  and m(P)
, it is obvious that f  f (z + ) has no zeros. The following example shows that the assumption
has no zeros. This shows that the restriction in Theorem . to the multiple zero case is essential.
Considering the value distribution of q-differences polynomials, we obtain the following result. 
Theorem . Let f (z) be a transcendental entire function of zero order, and α(z) ∈ S(r, f ).

Suppose that q is a non-zero complex constant and n is an integer. If m(P)
The following lemma is a revised form of Lemma .. in [] .
polynomials in f and its derivatives with meromorphic coefficients, say {a λ | λ ∈ I}, n be a positive integer. If the total degree of B(z, f ) as a polynomial in f and its derivatives is less than or equal to n, then
outside of a possible exceptional set E with finite logarithmic measure.
Lemma . [] Let f be a non-constant zero-order meromorphic function, and q
on a set of logarithmic density .
Remark  For the similar reason in Theorem . in [], we can easily deduce that
also holds on a set of logarithmic density . http://www.advancesindifferenceequations.com/content/2013/1/98
Proof Using the identity
and let Poisson-Jensen formula with R = ρ, we see
(qz -a n )(ρ  -a n z)
where {a n } and {b m } are the zeros and poles of f , respectively. Integration on the set
| ≥ } gives us the proximity function,
Following the similar method in the proof of Theorem . in [], we get the result.
Lemma . Let f be a non-constant zero-order entire function, and q ∈ C \ {}. Then T r, P(f )f (qz) = T r, P(f )f (z) + S(r, f )
Proof Since f is an entire function of zero-order, we deduce from Lemma . that
On the other hand, using Remark , we get
The assertion follows from (.) and (.).
Proof of Theorem 1.1 Let β(z) be the canonical products of the nonzero poles of P(f )f (z + c) -α(z). Since λ(/f ) < σ and α(z) is a small function of f (z), we know that σ (β) = λ(β) < σ (f ). Suppose on contrary to the assertion that P(f )f (z + c) -α(z) has finitely many zeros. Then we have
where Q(z) is a polynomial, and
Differentiating (.) and eliminating e Q(z) , we obtain
Let α  , α  , . . . , α t be the distinct zeros of P(z). Then
Substituting this into (.), we have a n
Note that P(z) has at least one multiple zero, we may assume that n  >  without loss of generality, and we have
where
Now we distinguish two cases.
Case . F(z, f ) ≡ . In this case, we obtain from (.) that
Since α(z) ≡  and H(z) ≡ , by integrating, we have
where k is a non-zero constant. From (.) and (.), we have
By Lemma ., we have
Since n ≥ n  ≥ , and f (z) is a transcendental, this is impossible. http://www.advancesindifferenceequations.com/content/2013/1/98
Thus,
Note that, a zero of f (z) -α  which is not a pole of f (z + c) and H(z), is a pole of F * (z, f )
with the multiplicity at most , we know from (.), (.), Lemma . and λ(/f ) < σ that
for the positive ε sufficiently small. Hence (see the definition of
It follows from (.) and (.) that
Thus, we deduce from (.) and (.) that
This contradicts that f is of order σ . Theorem . is proved.
Proof of Theorem 1.2
Denote F(z) = P(f )f (qz). From Lemma . and the standard Valiron-Mohon'ko theorem, we deduce
T r, F(z) = T r, P(f )f (z) + S(r, f ) = (n + )T r, f (z) + S(r, f ).
Since f is a entire function, then by the second main theorem and Lemma ., we have Since f is a transcendental entire function with m(P) > , we deduce that P(f )f (qz) -α(z) has infinitely many zeros.
